The hydraulic transformer is used in the hydraulic system to enhance the efficiency. However, how to control the angle displacement of the port plate is becoming a critical issue because of the new structure of the hydraulic transformer. This paper presents a new method for the angle displacement control system. Firstly, the basic principle of the system is presented. Then, the disturbance which is mainly the friction torque between the port plate and the cylinder block is calculated to estimate the range. Furthermore, the guaranteed cost control (GCC) is analyzed and combined with the disturbance and the characteristics of parameter uncertainties. Finally, the proposed control method is compared with the traditional PI control and the simulation result shows the effectiveness of the proposed design method.
Introduction
Energy saving research in the field of hydraulic system is becoming a hot point [1] [2] [3] [4] [5] [6] . Common pressure rail (CPR) is one promising hydraulic architecture because of its many advantages, for instance, not only that it eliminates the throttling loss in the theoretical aspect, but also has the module characteristic [7, 8] . In CPR, the constant pressure variable pump and hydraulic accumulator constitute the high pressure oil sources, and multiple different loads connect in parallel between the high pressure and the low pressure oil pipe [9] [10] [11] [12] . Basically, there are two kinds of actuators in CPR. They are hydraulic variable displacement motors and cylinders. For the rotating load, the control target such as position, velocity, or power can be reached by regulating the displacement of hydraulic pump/motor. However, because it is hard to change the displacement of the hydraulic cylinder, hydraulic transformer (HT) is introduced to control the hydraulic cylinder for adapting to load change without throttling loss from the theoretical aspect. The detailed information about HT can be found in [13] . Hence, HT is used to control the hydraulic cylinder by regulating the angle of the port plate. However, because the structure of the port plate is different from the traditional axial piston type component, how to control the angle of port plate is a new challenge. For the traditional axial piston pump, the port plate is fixed with the case and it cannot be moved. Hence, the force applied on the swash plate from the cylinder block and some other components of the pump is balanced by the case. However, the torque applied on the port plate of HT should be considered because of the rotation motion during controlling its angle. Figure 1 shows the structure of the HT [14] . The external load torque, which is mainly the friction torque between the cylinder block and the port plate, is also changing during the regulating process. This can be explained by introducing the working principle of HT.
Figure 1(b) shows the structure of the port plate which has three ports [13] . They are connected with the high pressure pipe of CPR, the load, and the low pressure pipe of CPR, respectively. The cylinder block of the HT is driven by the sum of torque generated by the three ports of the SHT. The sum of torque among three ports is
where HT is the moment of inertia of HT and HT is the angular speed of the cylinder block of HT. The torque applied on the port plate should be changing because of the changing load and then the difficulty for a good control performance is increased. Until now, there are already many papers which are focusing on the robust control [15] [16] [17] [18] [19] [20] [21] ; for instance, in [22] , the authors deal with the robust control problem with parametric uncertainties for delayed singular systems. In [23] , the paper describes robust force sensorless control system in motion control. In addition, the robust control theory is applied on diesel engine selective catalytic reduction (SCR) systems to enhance the performance [24] . Because the guaranteed cost control (GCC) not only stabilizes the uncertain system robustly but also ensures an adequate level of performance, in which an upper bound on the closedloop value of a quadratic cost function can be guaranteed by using a fixed Lyapunov function [25] , the GCC becomes an effective method for enhancing the system performance [26] [27] [28] [29] [30] . However, there is no method that focuses on the angle displacement control of the port plate. In general, the critical problems can be described by how to resist the interference which was applied on the port plate and eliminated the influence of the uncertain model. In this paper, the GCC is introduced to the field of the angle displacement control for the port plate. Firstly, the mathematical model of the angle displacement system is constructed. Secondly, the range of the disturbance and the uncertain parameter must be estimated in order to apply the GCC theory. Moreover, the simulation about the GCC control and the PI control is conducted by using Matlab. Finally, the simulation result is explained.
Modeling
The basic schematic is shown in Figure 2 . The main components of the system are (1) pump and (2) servovalve, and both (3-1) swing motor and (3-2) HT main part are one piece in practical applications. However, this paper is focused on the valve controlling the motor, and the information about other parts can be found in [31] . 
Servovalve Flow Rate Equation.
The linearized servovalve flow equation is
where and are, respectively, cylinder flow and input control voltage, , , , and are different kinds of gain listed as gain of the amplifier, servovalve coefficient, servovalve flow gain, and servovalve flow-pressure coefficient, respectively, and represents cylinder pressure difference.
Continuity Equation in the Motor.
Applying the continuity equation to each chamber of motor,
where represents the displacement volume of motor, is the angle displacement of the valve plate, and , ic , ec , and 0 are coefficients defined as effective bulk modulus of system, internal or cross-port leakage coefficient of motor, external leakage coefficient of motor, and total volume of fluid Mathematical Problems in Engineering 3 under compression in both chambers, respectively. We define that = 1 − 2 and = 1 = 2 ; thus,
where tc means total leakage coefficient of variables in cylinder:
where is the flow coefficient and V represents the displacement of the valve.
Torque Motion Equation at the Load.
The torque balance equation for the valve plate is expressed as
where denotes angular position of the secondary component, V represents equivalent moment of inertia of the port plate, besides, is the total friction torque, is the disturbance torque, and is the kinematic coefficient of viscosity.
System State-Space Model. State variables are selected as
, where 1 is the angular displacement of valve plate, 2 is the rotating velocity of valve plate, and 3 is the differential pressure of the two chambers. Thus, a state-space equation of the system under consideration can be given bẏ
About the equation, there exist parameter uncertainty and external disturbance in the system. In detail, can change from 0.8 to 1.2 , and can also change from 0.5 to 2 . For the disturbance and , it is noted that is the friction torque between the cylinder block and the port plate which should be calculated in the following section to estimate the range; then, is the small disturbance caused by other factors. The main external disturbance torque is the friction torque, and the following part will focus on calculating the range of the disturbance torque. 
Range Estimation of the Disturbance Torque

Calculation of Triangular Groove.
The triangular groove is one common kind of dampening groove in practical engineering, which is depicted in Figure 3 . It can be found that the flow area is changing with the relative location. The flow area can be defined as the minimum area which is vertical with the flow direction; hence the flow area 3 should be the area of Δ through the geometric calculation:
where Δ is the equilateral triangle and the side length is , Δ is the isosceles triangle, and in addition, the plane is vertical with the plane . 0 is the total length of the triangular groove and is the effective length. Δ is through the point and parallel Δ .
Flow Area Calculation of the Waist Type Groove.
The profile and dimensions of the three waist type grooves are all the same except for the different location. Defining the radius of the distribution circle of the waist type groove and the plunger hole is . All of the three flow area calculation methods are similar. The position relationship between the hole of the plunger hole and the waist type groove during the piston is rotating as shown in Figure 4 . A, C, and E are the critical positions in Figure 4 and the corresponding angles are 4 Mathematical Problems in Engineering (a) When 0 < < 1 , the flow area is overlying through two arches. And the area of the single arch can be obtained by subtracting the area of Δ from the area of . The flow area can be obtained from
where the central angle is
And the sector can be calculated as
The area of the triangle is
(b) When 1 < < 2 , the flow area is equal to the difference of the entire circle area and the two sector areas; hence the flow area is
(c) When 2 < < 3 , the entire plunger hole is contained in the waist type groove; hence the flow area is the area of the plunger hole:
where con is the central angle of the sector of the plunger hole.
(d) When > 3 the method is the same as above; hence the period is omitted. Figure 5 shows the motion analysis of the axial piston pump which has piston shoes.
Flow Continuity Equation.
There are nine plungers which are doing the alternative liner motion. The radius of the distribution circle is , and the plane is vertical with the axis of the cylinder. The plane is the same plane with the swash plate and the angle between the two planes is , which is the tilt angle of the swash plate. During the working period, the plungers not only rotate around the -axis, but also do the liner alternating motion with the -axis. Points and are the top and bottom dead points, respectively, during the plungers moving, and point is the position while the plungers at the time. Hence, the position of the plunger is We can also get the velocity of the plunger relative to the cylinder as follows:
where is the angular velocity of the cylinder (rad/s). Then, the flow rate of the plunger hole caused by the motion of the plunger is calculated by
where is the area of the plunger (m 2 ) and is the diameter of the plunger (m).
The compression flow rate inside the plunger hole can be obtained by
where 0 is the oil volume corresponding to the time of (m 3 ) and is the volumetric modulus of elasticity (MPa).
The equation for calculating the flow rate through the throttle valve is below:
where is the flow area and is the density of the oil and then Δ is the pressure difference. Then, the flow continuity equations are
The pressure inside the plunger can be got by solving the equations above. Then, the friction torque can be obtained
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by introducing the friction coefficient between the two kinds of materials. It should be noticed that the value of the friction torque maybe less than the value above because the oil film could be generated. However, it is reasonable to use this big value to design the robust controller because on one side the exact value with the influence of the oil film is difficult to calculate and the other side is that if the controller can be adaptive to the worst working condition, the controller should also work for other situations.
The Main Results
Consider the state-space model of the system with parameter uncertainties as follows:
where x( ) is the state vector, u( ) is the control input, w( ) is the disturbance input, z 0 ( ), z 1 ( ) are the controlled outputs, A, B, C 0 , D 0 , C 1 , D 1 are known constant matrices of appropriate dimensions, and ΔA, ΔB are matrices of appropriate dimensions representing parameter uncertainties, which are supposed to be in the following form:
where D, E 1 , E 2 are known real constant matrices and F( ) is an unknown real time-varying matrix with Lebesgue measurable elements satisfying
Assume that the desired trajectory is y ( ) and the error vector is defined as
and we can obtain x( ) = e( ) + y ( ). Generalized error feedback control is used to be a control input:
where ( ) = B + (−Ay ( )+ẏ ( )) and B + is the pseudoinverse of matrix B. According to above equations, the following equation can be obtained:
Define u = u( ) − ( ); the cost function associated with the system (21) is
where Q and R are the weighing positive matrices.
The purpose of this paper is to study an H 2 /H ∞ guaranteed cost control for all admissible uncertainties such that (1) the closed-loop system is asymptotically stable; (2) under zero initial condition, the closed-loop system guarantees that ‖z‖ 2 < ‖w‖ 2 for all nonzero w ∈ L 2 [0, ∞) and a prescribed scalar > 0;
(3) the input constraint (7) is satisfied.
For obtaining the main conclusions of this paper, the following lemma will be adopted to handle the parameter uncertainties in the system.
Lemma 1. Given matrices with appropriate dimensions Y, C, and D and that Y is the symmetric matrix, then
For all F satisfying F F ≤ I, if and only if there exists a scalar > 0 such that
Theorem 2. Given constant > 0, if there exist scalars > 0, > 0, P = P > 0 satisfying the following inequality:
then the controller in the form of (25) exists, such that
(1) the closed-loop system (21) with w( ) = 0 is asymptotically stable;
(2) under zero initial condition, the closed-loop system guarantees that ‖z‖ 2 < ‖w‖ 2 for all nonzero w ∈ L 2 [0, ∞) and a prescribed scalar > 0; (3) if (30) has a symmetric positive definite solution P, then for all admissible parameter uncertainties, 0 ≤ P ≤ P, where P = P ≥ 0 is a solution to Lyapunov equation:
Proof. From [23] , it follows that system (21) with w( ) = 0 is asymptotically stable and ‖z‖ 2 < ‖w‖ 2 if there exists a symmetric positive definite matrix P such that
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The above inequality is equivalent to the fact that there exists a scalar > 0 such that
Define P = −1 P; the above inequality can be described as (A + BK) P + P (A + BK)
According to Lemma 1, the above inequality holds for all F satisfying F F ≤ I if and only if there exists > 0 such that
So, we obtain (30) . Suppose that (30) has a symmetric positive definite solution P, define
According to [24] and considering ‖F( )‖ ≤ I, it follows that Δ ≥ 0; then subtracting
from (30), we can get (A+BK+DF ( ) (E 1 + E 2 K)) (P − P)
Since (21) with w( ) = 0 is asymptotically stable according to the Lyapunov stability theory, we can get P − P ≥ 0 or P ≤ P; then the proof is completed.
If there exist two scalars > 0, > 0 such that the matrix inequality (30) has a symmetric positive definite solution P, then the closed-loop system is asymptotically stable for all admissible parameter uncertainties and satisfies an H ∞ disturbance attenuation constraint. In addition, this solution P will guarantee the worst H 2 performance index that satisfies J 0 (K) ≤ J(K, P) = tr(B w PB w ). J(K, P) is considered as an H 2 /H ∞ guaranteed cost bound of the closed-loop system.
Theorem 3. Given a constant
> 0, the system (21) is asymptotically stable and satisfies ‖z‖ 2 < ‖w‖ 2 for any nonzero w ∈ L 2 [0, ∞), and the input constraint is guaranteed if there exist scalars > 0, > 0, a symmetric positive definite matrix X, and a matrix W satisfying Proof. It follows from Theorem 2 that there exists a controller u( ) = Ke( ) + ( ) such that the design criteria (1) and (2) are satisfied if and only if there exist two scalars > 0, > 0 and a symmetric positive definite matrix P which guarantees that the matrix inequality (30) holds. Pre-and postmultiplying Mathematical Problems in Engineering 7 both sides of (30) by P −1 and using Schur's complement yield that (30) is equivalent to
where
Defining X = P −1 , W = KP −1 , the matrix inequality (39) can be easily obtained from (42).
In addition, we will show that the input constraint is satisfied. Define V = e Pe; we can easily knowV < 0 and thus e Pe ≤ e 0 Pe 0 ; we can also obtain
where max (⋅) shows the maximal eigenvalue. From the above inequality, the input constraint is established if
By Schur complements, the above inequality is equivalent to (41). This completes the proof.
Theorem 3 provides a characterization of all controllers that guarantee the design criteria (1) and (2) to be achieved, and the controller u( ) = WX −1 e( ) + ( ) provides a H 2 /H ∞ guaranteed cost bound tr(B w X −1 B w ).
Simulation Results
According to (7) combined with the uncertain parameter, consider the system with the following state-space matrices: 
The angle displacement control system of the port plate is simulated according to the result above and the comparison with the traditional PI control is conducted. During the working condition of HT, the port plate angle should change to meet the requirement of the servosystem. Hence, the extreme working condition is the period that the port plate angle is varying because the disturbance, which is the friction torque mainly, is varying greatly. The other working conditions are chosen as the step response to reveal the dynamic response. The model is constructed in Simulink and Figures 6-9 show the simulation result. According to Figures 6 and 7 , it can be found that the step responses of both the two control methods are fast to meet the practical requirement. PI control can get a faster response; however, the overshot is larger. The GCC does not show the obvious advantage to the PI control. This is because the friction torque disturbance acts the least influence compared with the changing working condition. Hence, the good performance can be got by adjusting PI coefficients. However, the coefficients should be changed corresponding to different loads, which is difficult in practice. This phenomenon can be explained by using sinusoidal response simulation. The sinusoidal signal responses are depicted by Figures 8 and 9 . The black curve is the command signal and the red curve is the response. The GCC follows the command much better than the traditional PI control. The results can be shown clearly through Figures 10 and 11 which show the tracking error of the two control methods. The reason is mainly about the better robustness of the GCC. The improvement over the traditional PI control is dramatic.
Conclusion
This paper is focused on the robust control for the port plate angle displacement control system with parameter uncertainties and load disturbance. The critical problem about the angle displacement control is analyzed and the main disturbance range is calculated by studying the stress relationship between the port plate and the cylinder. The analysis result shows that the friction torque is changing with different port plate angles, differential pressures, and the rotating speed. Furthermore, the guaranteed cost control for the system is designed. Simulation results show that both the GCC and PI control can get a good response under running the step response simulation. Especially, the GCC achieves much better robustness than PI control during the sinusoidal signal response simulation which is because the disturbance changes greatly is while the port plate is moving all the time. In order to prove the effectiveness of the proposed control method, the next step for this project is to construct the test rig.
